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1 Introduction

This document is the result of a reorganization of lecture notes used by the
authors while TAing the Econometrics course at the PhD program at the School
for advanced Studies in Economics at the University of Venice. It collects a series
of results in Matrix Algebra and Vector Spaces analysis useful as a background
for a course in Econometric Theory at the P.h.D. level. Most of the material is
taken from Appendix A of Mardia et al. (1979) and chapters 4, 5 of Noble and
Daniel (1988)

2 DMatrix Algebra

2.1 Dbasic definitions

Definition 1 (Matrix) A matriz A is a rectangular array of numbers. If A
has n rows and p columns, we say it is of order n X p

ail . A1p
Anxp = | A C)

ani - -- Anp

Definition 2 (Column vector) A matriz with column—order 1 is called col-
umn vector

ap
a =
an
Row—vectors are column vector transposed: a’ = (a1 an)
A matrix can be written in terms of its column (row) vectors:
ay
A=(a@),---,ap)) =
a,

Notation: we write the j—th column of matrix A as a;), the i—th row as a;
(if written as a column vector), the ij-th element as (a;;).

Definition 3 (Partitioned Matrix) A matriz written in terms of its sub-
matrices is called a partitioned matriz:
Api(r xs) Apa(rx (p—23))

Ezample: A(n x p) = Agi((n—r1)xs) Ag(n—r1)x(p—23))

Definition 4 (Diagonal Matrix) Given a n—dimensional vector a, a n X n
diagonal matriz B = diag(a) is a matric with b;; = a;;b;; =0 Vi # j:
ay N 0
B = diag(a) =

ai
0 ... ap
Given a matric Ay x,, B = diag(A) is a matriz with b; = a;;;b5 = 0 Vi # j



Table 1: common types of matrices

Name Definition Notation
Scalar p=n=1 a
Column vector p=1 a

Unit vector p=1a; =1 lorl,
Square p=q

Symmetric Qi5 = Qj;

Unit matrix aj=Lp=n J, =11
(Upper) Triangular a;; =0 Vj >1

Null matrix ai;; =0 Vi, j 0

Table 2: Basic matrix operations

Operation Restrictions Definitions
Addition A, B same order A+ B = (a;; + bij)
Subtraction A, B same order A — B = (a;; — b;;)
Scalar multiplication cA = (ca;j)

Inner product a, b same order a’b=73" ab;

2.2 Matrix operations

Definition 5 (Matrix multiplication) If A, B are conformable, i.e. the num-
ber of columns of A equals the number of rows of B, then AB is the matrix
with at each entry ab;; has the inner product of the i—th row vector of A and
the j—th column vector of B:

AB = (ajb(;))
Note that in general AB # BA

Definition 6 (Transpose) A’, the transpose of A is the (p X n) matriz where

(ai;) = (al;), i.e. the matriz where the j—th column corresponds to the j—th row

of A: A’ = (a1,a2,...,a4).
The transpose satisfies
(A'Y=A; (A+B) =A"+B'; (AB) = B'A’.
For a partitioned A
[t 4
12 22

If A is symmetric then a;; = a;; & A = A

Definition 7 (Trace) If A is a square matriz, than the trace function is

trA = Z (0777



It satisfies the following properties for A, B square matrices, C, D and D, C
conformable, i.e. Cpxp, Dyxp, a scalar a and a set of vector x;, ¢ =1,...,¢:

tra=a;tr A+ B=tr A+tr B;tr aA =atr A
tt CD =tr DC =}, cijdj; and tr CC' =tr C'C' =37, 5", ;
Yo xiAx; =tr AT where T =), x;x}

To prove the last property note that x; Az; is a scalar and so it is ), =} Ax;.
Therefore,

tr Y xiAx; =) tr xjAx, =), tr Ax;x; =tr AY , xyx; =tr AT

2.3 Determinants and their properties

Definition 8 (Minors and Cofactors) Given A,x,,

1. The ij—minor of A, M;; is the determinant of the (p—1) x (p — 1) matriz
formed by deleting the i—th row and the j—th column of A.

2. The ij—cofactor of A, A;j, is (—1)"7IM;;.
Note that sign(—1)i*7 forms an easy—to-remember pattern on a matrix:
+ -+

__|__
+ - 4+

Definition 9 (Determinant)

1. The determinant of a 1 x 1 matriz « is |a| = a.

2. The determinant of a p X p matriz A is |A| = Z?:l ai; A1, i.e. the sum

of the products between the entries of the first row and the corresponding
cofactors.

Notation: |A| = det A.

Note that the definition of determinant is given with respect to the first row
for simplicity. [A| =3_%_, a;;A;; is the same for any i, and it can be computed
with respect to a column as well: |A| =37 a;;A;;.

Example:
a b
A-le 1

|A| = aAi1 + bAo
= ald| — b|¢]
=ad — be



Definition 10 (Non—singular matrix) A square matriz is non-singular if
|A| # 0; otherwise it is singular

It can be proved that:

o If A is triangular (or diagonal), |A| =[], ai;
o |aA| = alA]

* |AB| = |A||B|

2.4 Inverse and other useful matrices
Definition 11 (Inverse) The inverse of A is the unique matriz A~" satisfying
AAT ' =AT'A=T
The inverse exists if and only if A is non singular, i.e. if |A| # 0

The following properties holds:

1. A = ﬁ(Aij)', where (A;;) is the adjoint matrix, the matrix whose
1, j—th entry is the ¢, j—th cofactor

2. (cAHy=c1Aa™!
3. (AB)"'=B'A™!
4. (A)t=A"tY

The first property follows from the definition of determinant, the others from
the definition of inverse applied to AB.

c D
|P| = |A||D - CA—'B| = |D||A - BA—'C|

e For a partitioned matrix P = {

AB}

e For B(p xn) and C(n X p),
|A+ BC| = |A||I, + A"'BC| = |A||I, + CA™'B|

Definition 12 (Kroneker product) Let A be a (nx p) matriz and B a (m x
q) one. Than, the Kroneker product of A and B is the (nm X pq) matric

allB algB e alpB

ang a22B e ang
A®DB = . . .

1B anaB ... appB

Definition 13 (Orthogonal matrices) A square matriz A is orthogonal if
AA'=1.

The following properties hold:
. A=A



2. AA=T
3. |A| = +1

4. The sum of squares in each columns (rows) is unity whereas the sum of
cross-products of the elements of any two columns (rows) is zero:

aja; =l;ala; =0if i # j
5. C = AB is orthogonal if A and B are orthogonal

Definition 14 (Quadratic form) A quadratic form in the vector x is a func-
tion of the form

Qx) =x'Ax = Z Zaijmixj

i=1 j=1

with A symmetric.

Definition 15 (Definiteness) A symmetric matriz A is called positive defi-
nite (p.d) /positive semi—definite (p.s.d) and we write A >0 / A > 0 respec-
tively if

Q(x) >0Vx #0; Q(x)>0Vx #0

Negative definite and semi—definite are similarly defined.

Theorem 1 If A > 0 is a (p X p) mairiz, then for any (n x p) matriz C,
C'AC > 0. If A > 0 and C is non—singular (thusp = n), then C'’AC > 0.

Proof: A > 0 implies that Va # 0

z'C'ACz = (Cz)'A(Cz) > 0= C'AC >0

If A > 0 and C is non-singular then Cx # 0 and the result follows from
the previous statement.

3 Vector Spaces

3.1 Geometry of 2 x 1 vectors

e 2 x 1 geometrical vector

A 2 x 1 vector has a natural representation on a standard x—y coordinate
system as a segment from the origin to a given point P:

P('I.Ll,’LLQ) — Uu = [ul UQ]/



up

The sum of two 2—dimensional geometrical vectors has a natural geomet-
rical meaning;:

u+v=|u U2]' + [ 'UQ]/ =[u;+v1 ug+ 112]/

The parallelogram rule: place the tail of a vector parallel to v and with
v’s length on the head of vector u. Call the "sum" of the two vectors the
new vector u + v connecting the tail of u with the head of v.

The length of a geometric vector, the shortest distance between its tail
and its head, can be derived by Pythagorean theorem:

d=/u?+u3 = (uTu)l/2



Therefore, the matrix product w'v = ujv; + ugve = 0 has a geometric
meaning: u'v = 0 implies that the two vectors are orthogonal. Since the
slope of w is us /u1, and the slope of v is vy /v1, it is easily to check that the
two vectors are perpendicular. The product of their slopes (us/uq)(ve/v1)
equals —1. Rewriting it, u1v; + ugve = 0.

3.2 Algebraic Structures

We start this part introducing a definition of binary operation. We see when it
is internal or external with respect to a set. Then we describe the characteristics
of an algebraic structure.

Definition 16 (Binary Operation) Let A, B,C be sets. We define a binary
operation any application ¢ : A x B — C.

If A= B = C we can say that ¢ : A X A — A is an internal binary operation
on A.

For algebric structure we mean a n-tuple formed by sets and operation on
themselves. The simplest one is a couple (X, ) where X is a set and ¢ :
X x X — X is an internal binary operation on X

Definition 17 Given (X, ¢)
1. The operation ¢ is called associative if Vr,y,z € X, (xpy)pz = xp(ypz).
2. The operation ¢ is called commutative if Vr,y € X, zoy = ypx.

3. An element u € X is neutral with respect to the operation ¢ if Vx € X,
TPU = uPr = T.

4. If (X, ) admits the neutral element u, an element v € X is called in-
vertible if 32’ € X, xpx’ = x'px = u. In this case, v and ¥’ are called
opposites.

Now, we focus on a special algebraic structure (X, +, ) formed by a set X
and by two internal operations on X.

e The latter operation + is called addition, it is associative and commuta-
tive, (X, +) admits neutral element, denoted by 0.

e The former operation * is called multiplication, it is associative, (X, x*)
admits neutral element, denoted by 1.

IfVe,y,z € X, xx(y+2) = (x*xy)+ (x*z) and (y+2)xx = (y*z)+ (2% x),
we can say that the multiplication is distributive with respect to the addition.

Definition 18 (External Binary Operation) V is a set and K is an alge-
braic structure (K, +, x). (i.e., the set R of real numbers or the set C of complex
numbers). Any application ¢ such that KxV — V is said an external operation
on V with coefficients in K.



3.3 Vector Spaces

Definition 19 (Vector Space) We define a vector space on K an algebraic
structure ¥V = (K, V', ®,®), formed by an algebraic structure K = (K, +, %) with
0 and 1 as respective neutrals, a set V', an internal operation & on V:

®: VXV -V
and an external operation ©® on V with coefficients in K:
O:KxV -V
satisfying the following azioms:

SV1 The algebraic structure (V,®) is commutative, associative, admits the
neutral element and the opposite for each own element.

SV2Va and VB € K and v, w € 'V

(1) (@+P)Ov=(a0v)®(0Ov)
) a0 (Wow) =(@0v)d (0O w)
(ii) a© (fOv) = (axf)OV)
)

lov=wv

(i%

(iv

If Kis R, then we have a real vector space. If K is C, then we have a complex
vector space.
The elements of set V' are called vectors and the elements of K are called scalars.
Operation @ is said vector addition. Hereafter we denote it only with +.
Operation © is said multiplication by a scalar. Hereafter we denote it only with
x. We often omit it. It is up to the reader to understand when they mean vector
operation or when they mean internal operation in K.
The unique neutral element of (V,+) is called null vector and denoted by 0
The unique opposite vector of a v € V is denoted by —wv.

Proposition 1 Let V be a vector space on K. For any o and 3 € K and for
any v € V, we have:

(1) av =0 if and only if « =0 or v = 0;
(1) (me)v = a(—v) = —(av);

(#41) if av = pv and v # 0, then a = 3
(iv) 1Gv=w

e G2, the real vector space of all geometrical vectors in three-dimensional
physical space.

e RP (CP), the real (complex) vector space of all real (complex) p x 1 column
matrices.



e Suppose that ¥V and W are both real or both complex vector spaces. The
product space V x W is the vector space of ordered pairs (v, w) with v
in ¥V and with w in W, where

(v,w) + (v, w') = (v+ v, w+w)
and
a(v,w) = (av, aw)

using the same scalars as for V.

Definition 20 (Subspaces) Suppose that Vo and V are both real or both com-
plex vector spaces, that V' is a subset of V', and that the operations on elements
of Vo as Vg-vectors are the same as the operations on them as V-vectors. Then
Vo is said to be a subspace of V.

Theorem 2 (Subspace Theorem) Suppose thatV is a vector space and that
Vo is a subset of V; define vector addition and multiplication by scalars for
elements of Vo exactly as in V.. Then Vg is a subspace of V if and only if the
following three conditions hold:

1. Vg is nonempty.

2. Vg is closed under multiplication in the sense that avg is in Vg, Yvg in
Vo and all scalars .

3. Vo is closed under vector addition in the sense that vy + v{, is in Vg for
all vectors vy in Vg and vj, in V.

Example 1 Suppose that {vi,va,...,v,} is some nonempty set of vectors from
V. Define V as the set of all linear combinations

Vo = QU1 + 0V + - + 0 Uy
where the scalars a; are allowed to range over all arbitrary values.
Then Vy is a subspace of V. (Prove it using the Subspace Theorem,)
3.4 Linear dependence and linear independence

Definition 21 A linear combination of the vectors vy, vs, ..., v, IS an erpres-
sion of the form a1v, + asvs + ... + a,v, where the «; are scalars.

Definition 22 A wvector v is said to be linearly dependent on the set of vec-

tors v1,va, ..., v, if and only if can be written as some linear combination of
V1, V2, ..., V,; otherwise v is said to be linearly independent of the set of vectors.
Definition 23 A set S of vectors v1,vs, ..., v, in'V is said to span (or gener-

ate) some subspace Vo of V if and only if S is a subset of Vo and every vector
vg in Vg is linearly dependent on S; S is said to be a spanning set or generating
set for V.

A natural spanning set for R? is the set of three unit vectors.

A four vectors set, where at least three are linearly independent, is still a
spanning set of R3.

Therefore, given a spanning set S we can always delete all the linearly de-
pendent vectors and still obtain a spanning set of linearly independent vectors.

10



1 0 0
e = 0 €y = 1 €3 = 0
0 0 1
Definition 24 Let L = {v1,vs,...,v,} be a nonempty set of vectors.
e Suppose that
a1V oo+ ...+ apvE =0
implies that 1 = as = ... = a = 0. Then, L is said to be linearly

independent.

e A set that is not linearly independent is said to be linearly dependent.

Equivalently, L is linearly dependent if and only of there are scalars oy, o, . . .

not all zero, with

a1v] + avg + ...+ apv =0

Example 2 The set {1,2 — 3t,4 + t} is linearly dependent in the vector space
P2 of polynomials of degree strictly less than three. To determine this, suppose
that

a1(l) +ax(2—-3t)+ar(d—1t)=0

that means, for all t
(a1 + 200 + 4043) + (—3&2 + Oég)t =0.
Then, we get

o + 200 +4a3 =0
—3as +a3 =0

a system of two equations for the three o;. The general solution is oy =

%Okng = % where k = as.

Theorem 3 (Linear Independence)

e Suppose that L = {vq,ve,...,v,} with k > 2 and with all the vectors
v; # 0. Then L is linearly dependent if and only if at least one of the v;
is linearly dependent on the remaining vectors v; where i # j.

e Any set containing 0 is linearly dependent.
e {v} is linearly independent if and only if v # 0.

e Suppose that v is linearly dependent on a set L = {vq,vs,...,v} and
that v; is linearly dependent on the others in L,
namely L; ={v1,v2,...,0,_1,Vj41,..., Uk}
Then v is linearly dependent on L;-

11



3.5 Basis and dimension

Definition 25 (Basis) A basis for a vector space V is a linearly independent
spanning set for V.

Example 3 Recalling the definition of a spanning set, the vectors forming the
basis should belong to the vector space.

We seek a basis for the subspace Vo of R? consisting of all solutions to x, +xy -+
x3 = 0. We can try with {e1, es,es3}. These vector are linearly independent and
any vector in R> is a linear combination of these three. Any vector in Vg is a
linear combination of these three, as well. So we can say that {e1,e2,e3} is a
basis for R but not for Vy because they do not belong to Vj.

A solution for x1+xo+x3 = 0 could be 1 = « and x5 = 3, so that x3 = —a—[f3.
The general vector

T «
Vo = |T2| = B = av; + [
T3 —a—pf
where
1 0
V1 = 0 , Vg = 1
-1 -1

form a basis for Vj.

Theorem 4 (Unique basis representation theorem) Let B = {v;...v,}
be a basis. Then the representation of each v with respect to B is unique:
ifv=a1v1+ -+ v, andv=acjvy + -+ v,
then ¥i, a; = of.

Definition 26 (Dimension) The number of vectors in a basis for a vector
space is called dimension of the vector space.

3.6 Matrix rank
Definition 27 Let A be a p X ¢ matriz

1. The real (or complex) column space of A is the subspace of RP (or CP)
that it is spanned by the set of columns of A.

2. The real (or complex) row space of A is the subspace of real (or complex)
vector space of all real (or complex) 1 X q matrices that it is spanned by
the set of the rows of A.

The rank of a matrix A is equal to the dimension of the row space or of the
column space.
e The row space dimension is equal to the column space dimension.
Think to a p x p full rank matrix. This is invertible, so it is its transpose.
Therefore A’ rank is the same as A rank
e In a p X g matrix the rank is at most minp, ¢

Think to a 3 x4 matrix: If three columns are linearly independent, we have
three 3 x 1 vectors spanning R3, therefore the fourth is linearly dependent

12



3.7 Norms

Definition 28 A norm (or vector norm) on V is a function that assigns to
each vector v in V a nonnegative real number, called the norm of v and denoted
by || v || satisfying:

1. |v|>0 forv#0, and || 0 ||=0.
2. | av ||=| ||| v || for all scalars o and vectors v.

3. (the triangle inequality) | v +v |<|| w | + || v || for all vectors u and v.

Definition 29 For vectors € = [x122...2p)7 in R? or CP, the norms ||||1,|||2,
oo (called the 1-norm, 2-norm, co-norm) are defined as

[z h=lai [+ zo |+ 4]z
I llo= (|20 [P+ o2 P 4.4 2y )12
[ ® [loo=mazx {[ x1 [, @2 |, [ zp [}

(1)

Theorem 5 (Schwarz inequality) Let  and y be p x 1 column matrices.
Then
|2y <[l 2 2]l y |12

where ©H is the hermitian transpose, namely a matriz formed by the complex

conjugates of the entries of the transpose matriz.

3.8 Inner product

The angle between geometrical vectors
We want to size the angle between the geometrical vectors @ = [a1 as]” and
b = [b1 ba)

B (by,by)

A (aj.a,)

From trigonometry we have that
|AB|? = |OA|? 4 |OBJ* — 2|0 A||OB|cos
Using the Pythagorean Theorem we can rewrite it as

(a1 = 01)* + (a2 = b2)* = (a + a3)? + (b +b3)° — 2(af + a3)"/2(b7 + 03)'/cos0

13



and, after rearranging the terms, we get
(a1by + asby) = (a2 + a2)'/2(b? + b2)/2cos6.

Defining (a1b1 + a2bs) as a’b and using 2-norm concept, we can compute the
angle between two nonzero geometrical vectors with the following formula:

a'b

cos) = —————.
a2l b2

The special product defined above (a’b) could be easily extend to p—dimensional
vectors.

Definition 30 (Inner product) Let V be a real vector space. An inner prod-
uct on 'V is a function that assigns to each ordered pair of vectors u and v in
V a real number, denoted by < w,v >, satisfying:

1. <u,v >=<v,u> forallv and v in V.

2. for all w,v,w in V and all real numbers o, < au + av,w >= a <
u,w>+p <v,w > and
<w,ou+av >=a<w,u >+ < w,v >

3 <u,u>>0ifu#0,
and < u,u >= 0 if and only if u = 0.

The angle between two nonzero vectors u and v is defined by its cosine:

<u,v >

cos = .
<u,u >V2< v, v >1/2

Theorem 6 (Schwarz inequality) Let < u,v > be an inner product on the
real vector space V. Then |< u,v >|<< u,u S12< w0 >Y2 for allu,v € V.

Theorem 7 (Inner product norms) Let < u,v > be an inner product on
the real vector space V, and define | v ||=< v,v >'/2. Then | - || is a norm on
VY induced by the inner product.

Definition 31 (Orthogonality) Let < -,- > be an inner product on V and let
| - || be its induced norm.

1. Two vectors w and v are said to be orthogonal if and only if < u,v >=0
in that set.

2. A set of vectors is said to be orthogonal if and only if every two vectors
from the set are orthogonal: < u,v >= 0 Yu # v.

3. If a nonzero vetor w is used to produce v = qur so that || v||=1, then u

is said to have been normalized to produce the normalized vector v.

4. A set of vectors is said to be orthonormal if and only if the set is orthogonal
and || v ||= 1 for all v in the set.

In any vector space with an inner product, O is orthogonal to every vector.

14



References

Mardia, K. V., J. T. Kent, and J. M. Bibby (1979). Multivariate analysis.
Probability and Mathematical Statistics, London: Academic Press.

Noble, B. and J. W. Daniel (1988). Applied Linear Algebra (3rd ed.). Prentice
Hall.

15






